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Abstract 

In this paper, we discuss gravitational collapse of spherically sym- 
metric spacetimes. We derive a general formalism by taking two ar- 
bitrary spherically symmetric spacetimes with qqq = 1. Israel's junc- 
tion conditions are used to develop this formalism. The formulae for 
extrinsic curvature tensor are obtained. The general form of the sur- 
face energy- momentum tensor depending on extrinsic curvature tensor 
components is derived. This leads us to the surface energy density and 
the tangential pressure. The formalism is applied to two known spher- 
ically symmetric spacetimes. The results obtained show the regions 
for the collapse and expansion of the shell. 

Keywords: Gravitational collapse. 

1 Introduction 



It has been an interesting problem to investigate whether the spacetime sin- 
gularities can be observed or not. Penrose [1] suggested a cosmic censorship 
conjecture to investigate this problem. This conjecture ensures that end state 
of a gravitational collapse must be a black hole. There is no theoretical or 
mathematical proof available to this conjecture. It would be worthwhile to 
investigate this issue for complete understanding of gravitational collapse or 
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to obtain its correct form. This can be pursued by taking the appropriate ge- 
ometry of exterior and interior regions and proper junction conditions which 
allow the matching of these two regions. 

Many people [2-4] have discussed gravitational collapse by taking appro- 
priate geometry of interior and exterior regions. Oppenheimer and Synder 
[5] were the pioneer to study the gravitational collapse. They worked on 
dust collapse by taking static Schwarzschild in the exterior and Fricdmann 
like solution in the interior spacetime. The conclusion was that the end 
state of gravitational collapse leads to the formation of a black hole. Mis- 
ner and Sharp [6] worked on the gravitational collapse by taking a static 
exterior and a perfect fluid in the interior. Markovic and Shapiro [7] gener- 
alized the pioneer's work in the presence of a positive cosmological constant. 
Lake [8] extended this work by taking both positive and negative cosmolog- 
ical constants. Cissoko et al. [9] studied explicitly the effects of a positive 
cosmological constant on gravitational dust collapse. He found that there 
are two physical horizons instead of one and also discussed the effects of 
cosmological constant on gravitational collapse. Debnath et al. [10] stud- 
ied quasi-spherical collapse with a positive cosmological constant. They also 
discussed the apparent horizons and their physical significance. Sharif and 
Ahmad [11,12] studied gravitational collapse of a perfect fluid with a positive 
cosmological constant by taking static exterior and non-static interior space- 
times. The same authors generalized this work to five and higher dimensional 
spacetimes [13,14]. 

In 1966, Israel [15,16] presented junction conditions by taking interior and 
exterior spacetimes. A lot of work on gravitational collapse has been done 
by using these conditions [17-20]. Villas da Rocha et al. [21] studied the 
self-similar gravitational collapse of perfect fiuid using Israel's method. He 
concludes that when collapse has continuous self-similarity, black hole forma- 
tion starts with zero mass and when the collapse has no self-similarity, black 
hole formation starts with a finite non-zero mass. By the same procedure, 
Pereira and Wang [22,23] discussed the gravitational collapse of cylindrical 
shells made of counter rotating dust particles. Recently, Sharif and Ah- 
mad [24] generalized this work to plane symmetric spacetime. They derived 
general formulae for arbitrary plane symmetric spacetimes and then applied 
this formahsm to known plane symmetric spacetimes. These studies have 
provided some interesting results about gravitational collapse. However, no 
attempt has been made for spherically symmetric spacetimes. 

In this paper, we extend this work to spherical symmetric spacetimes 
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with matching conditions. First of all, wc develop a formalism for general 
spherical symmetric spacetimes and then the results are found by taking 
particular examples. The scheme of this paper is as follows: In section 2, 
we provide the derivation of general formalism by considering two arbitrary 
spherically symmetric spacetimes with goo — 1. In sections 3 and 4, we 
shall implement these formulae to discuss gravitational collapse by taking 
two physical spherically symmetric spacetimes. The last section will provide 
summary and discussion of the results obtained. 

2 General Formalism 

We consider a time-hke 3D hypersurface E which divides a 4D spherically 
symmetric spacetime into two regions named as interior and exterior space- 
times. For the interior region denoted by V~, we take the line element in the 
form as 

ds^ = dt^ - X-{t, r)dr^ - Y-{t, r){de'^ + sin^ Odcf?), (1) 

where {x~^} = {t-, ^? are the usual spherical polar coordinates. The line 
element for the exterior region is given by 

dsl = dT^ - X+{T, R)dR^ - r+(T, R){de'^ + sin^ Odcj)^), (2) 

where {x^^} = {T, R, 0, (j)} is another set of spherical polar coordinates. 

According to junction condition [15,16,25,26], we assume that the interior 
and exterior spacetimes are the same on the hypersurface E which can be 
expressed as 

ids') = {dslh = (dslh. (3) 
The equations of hypersurface E in the coordinates written as 

f_{r,t)=r-ro{t) = 0, (4) 

U{R,T)^R-R^{T)^0. (5) 

Using Eqs.(4) and (5), the interior and exterior metrics reduce to the follow- 
ing form respectively 

(dslh = [1 - X-{t, roit)yo\t)]dt^ - Y-{t, roit)){de^ + sin^ (6) 
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{dslh = [1 - X+iT, RoiT))R',\T)]dT' - Y+iT, Ro{T)){de^ + sin^ ^#^), 

(7) 

where prime denotes the ordinary differentiation with respect to the indicated 
argument. The metric on the hypersurface is written as 

(t^s')E = labd^d^^ = dr^ - Y{T){de'' + sin^ (8) 

Here {^"} = {r, ^, 0}, (a = 0, 2, 3) are the coordinates of the hypersurface E 
and T denotes the proper time of the surface. Making use of Eqs.(6)-(8) into 
the junction condition (3), it follows that 

dr = [1- X-{t,ro{t)y^\t)]^dt=[l - X+{T,R^{T))B!^\T)]^dT, (9) 

y{t) = Y-{t,To{t)) = r+(r,i2„(r)). (lo) 

Prom Eqs.(4) and (5), the outward unit normals ri^ to the hypersurface E in 
the coordinates can be evaluated as 

The extrinsic curvature tensor on the hypersurface E is defined as [22,23] 

a2 C7 a ^l■ a u 

^^^ = ^^(a^ + r^^a#a#)' (^,/^,- = 0,l,2,3), (a, 6 = 0,2, 3). 

(13) 

Prom this expression, the non- vanishing components of for exterior space- 
time are given by 



KX = ^^^^ ^[R'^(T) + ^R',(T) 



X+ = sin2^K+. (14) 
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The non-vanishing components of K^f^ for interior spacetime can be obtained 
from the above expressions by making the replacement 

X+, y+, RoiT), T, R ^ X-, Y-, ro{t), t, r. (15) 

In terms of and 'jab, the surface energy-momentum tensor is defined as 
[15,16,22,23] 

Sab^-{[Kab]-lab[K]}, (16) 
K 

where k is the couphng constant and 

[K,b] = K+-K-„ [K] = r'lKab]. (17) 

Using Eq.(14) and the corresponding expressions for we can write Sab 
in the form 

Sab^ pi^ai^b+P{daOb + (f>a(t>b), {a,b ^ T, 9 , (f)) , (18) 

where p is the surface energy density, p is the tangential pressure provided 
that they satisfy some energy conditions [27] and u!a,9a, (f'a are unit vectors 
defined on the surface given by 

ua^s:, ea^Yhl, (Pa^Yhmest. (19) 

Here p and p are given by 

P-j^[Kee], p=l{[X..]-i^}. (20) 

3 Application 

In this section, we apply the general formalism derived in the previous section 
by considering two known spherically symmetric spacetimes to discuss the 
gravitational collapse. For the interior region, we take Minkowski spacetime 
given by 

dsl = dt^ - dr^ - r\d0^ + sin^ Odcf)''). (21) 
For the exterior region, the metric is taken as [28] 

dsl = dT^ - dR^ -a^(T- R) {dO^ + sin^ ed(t)'^), (22) 
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where a is an arbitrary function oiT — R. We re-write the above solution by 
taking e = T — i? for the sake of simphcity as 

dsl = dT^ - dF? - a\e){d9^ + sin^Odcf)'^). (23) 

Using Eqs.(21) and (23), the junction conditions (9) and (10) take the form 

dr^ll- R'o\T)]Ut = [1 - r'o\t)]-^dt, (24) 

and 

ro(t) = a(eo), (25) 
where eq — T — Rq{T). From Eqs.(24) and (25), we have 

^ J_ = \ .26) 

^dt^ A2-[(l-<(T)) + a'^(6o)(l-i?[,(r))r ^ ^ 

where 

A = ^[{l-B!,\T)) + a'\e,){l-Rm?]- (27) 
Prom Eqs.(25) and (26), we get 



a"{e,){l- R',\T)f - a'{e,)R'^{T) 

1 

j[a'\e,)a"{e,){l-Ii,{T)f 



[{l-R',\T)) + a'\eo){l-R'o{T)r] 



[il-R',\T)) + a'\eo){l-R'o{T)yV- 
- a'{eo)K{T)R'^{T){l - R',{T)) - a"{eo)R'^{T){l - R',{T)n 

(28) 

Making use of Eq.(14) and the corresponding expression for into Eq.(20) 
and considering Eqs.(25)-(28), the expressions for p and p take the form 

p = , VI ^p.2,^,,i KM((i-i?()(r)) + A], (29) 

Ka(eo)(l - R'o {T))^ 

P = , [a{eo)AR'^{T)-a{eo)a"{eo){l-R'o\T)) 
K,a(eo)A(l - Ro{T)) 2 

(1 - R',{T)f + a{eo)a'{eo)KiT){l - R',\T)) - a(eo)a'(eo) 

KmKma - Km) - 2a'(6o)A(i - k'{tmi - k{t)) 

+A)-2A2(l-i?(,'(r))]. (30) 
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To see the minimum effects of shell on the collapse, we take p = in Eq.(30), 
it follows that 

B!^{T) = (1 - B!,\T)) 

[a{e,)a"{e,){l - R',{T)f + 2a-(6o)A(l - R',{T)) + 2A^] 
[a(eo)A - a{e,)a'{eo)R'o{T){l - R'^{T)) + a(eo)a'(eo)(l - ' 

(31) 

To investigate the spherically symmetric gravitational collapse, we need 
to solve the above equation for Rq{T). However, it is much more complicated 
to solve this in general to get any insight. Therefore, we consider a particular 
case in which 

K(T) = (1 - K\T)(3, (32) 
where (3 is assumed to be an arbitrary constant given by 

g ^ Heo)a'{eoy{l - K{T))' + 2a'{eo)A{l - R',{T)) + 2A^] 

[a{eo)A-a{eo)a'{eo)R'o{T){l-R'o{T)) + a{eo)a'{eo){l-R'o\T))y^ 



KiT) = -j^^^, (34) 



Now integrating Eq.(32), we obtain 

=2/3T _^ g2ci 

where ci is constant of integration. Here, we consider the following two cases: 
(/) /3>0 (//) /3<0. (35) 

3.1 Case I 

In this case, we take (3=1 and ci = for simplicity, then Eq. (!M|) takes the 
form 

Integration of the above equation yields 



^o(T) = (36) 



i?o(T) = -T + C2 + ln(-l + e2^), (37) 
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Figure 1: velocity-time graph for Ci = 0. 
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Figure 2: displacement-time graph for C2 = 0. 



where C2 is also a constant of integration. For C2 
respectively 



^o(T) 



0.04132 


T = 


0.5 


-|-oo 


T = 


-|-oo 


2.16359 


T = 


0.5 


1 


T = 


+ 00 



0, Eqs.([36]) and ([37D yield 

(38) 
(39) 



This case gives expanding process. It can be seen from figures 1 and 2 that 
radial velocity is positive and radius increases from some finite value to in- 
finity. The expansion starts from some finite value at some finite time with 
finite positive velocity and ends at T = +oo, where radial velocity is unity. 
It is also observed that by considering different values of C2 we get the same 
expanding process. We can take different values of C2- The difference for 
possibilities of C2 is that by increasing the values of C2, the time interval for 
the expanding process increases. 
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Ro' (T) 




Figure 3: velocity-time graph for Ci = 0. 



3.2 Case II 

Here we take (3 = —1 and Ci = for simplicity, then Eq. flM]) implies that 

KiT) = ^z^- (40) 
Integration of this equation gives 

Ro{T)=T + cs-\n{-l + e^^), (41) 
where C3 is a constant of integration. For C3 = 0, Eqs.( l40l) and (I4T1) give 



{0.000026 , r = 0.4812, 

^0*^'^'' " { -1.45678 , r = 0.4812. ^^^^ 

This case represents a collapsing process. It can be seen from figures 3 
and 4 that radial velocity is negative and radius positively decreases from 
infinity to some finite value. The shell starts collapsing from some finite 
time with infinite negative velocity and ends with some finite radial velocity 
at some finite time. It is also found that different values of C3 shows the 
same collapsing process. The difference between possibilities of C3 is that by 
increasing the values of C3, the time interval for collapsing process increases. 
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Figure 4: displacement-time graph for C3 = 0. 

4 Summary and Discussion 

This paper is devoted to the study of spherically symmetric gravitational 
collapse using Israel's method. We have taken two arbitrary spherically sym- 
metric spacetimes with qqq = 1. We have developed a general formalism for 
extrinsic curvature and surface energy-momentum tensor in terms of the met- 
ric coefficients and their first derivatives by using Israel's junction condition. 
As an application of this formalism, we have taken Minkowski spacetime 
as an interior region whereas a non-static spacetime is taken as an exterior 
region. The surface energy density and the tangential pressure have been 
found. In order to see the minimum effects of the shell on the collapse, we 
have taken the tangential pressure p = 0. 

There arise two main cases, i.e.. Case I and Case II. In the Case I, 
we have taken an arbitrary constant f3 > and for simplicity its value as 
unity. Here, we get an expanding process with positive radial velocity and 
positively increasing radius. The expansion starts from some finite value at 
some finite time with finite positive velocity. The expansion ends at T = -|-cxo, 
where radial velocity is unity. It is also observed that time interval for radial 
velocity decreases with the increase of the constant used in Eq. (!M|) . In the 
nutshell, we can say that we get an expanding sphere for all values of arbitrary 
constant > and the integration constants. 

For the Case II, we have taken /3 < and in particular /3 = —1 for 
simplicity. This case represents a collapsing process with negative radial 
velocity and radius decreases positively from infinity to some finite value. The 
shell starts collapsing from some finite time with infinite negative velocity 
and ends with some finite radial velocity at some finite time. Results also 
show that by increasing the value of the constant used in Eg. (1341) . the time 
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interval for the radial velocity also increases. Thus it turns out that the case 
II represents a collapsing sphere for all values of arbitrary and integration 
constants. It is interesting to mention here that in the cases where collapse 
occurs, the energy density remains finite. Thus the collapse does not end as 
a singularity. It would be interesting if this formalism is developed without 
taking gQQ = 1 so that more general examples could be discussed. 
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